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Abstract A Zener-Stroh crack interacting with an edge dislocation is studied. The crack faces are
assumed to be traction free. The applied ‘generalized loading’ for crack is the initial displacement
jump and the intervention of the edge dislocation. Through decomposing the problem into two sub-
simple problems, using the superposition principle, its solution is obtained. To demonstrate both
the validity of the solution and its potential application, two simple examples related to the crack
stress intensity factors are presented on the basis of the solution. The application of the solution to
model crack initiations arising from dislocation-pileup is discussed. c© 2011 The Chinese Society of
Theoretical and Applied Mechanics. [doi:10.1063/2.1102103]
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Since the Griﬃth crack model is unable to be used
to explain the initiation of micro-crack in solids, Zener
proposed in 1947 a model that dislocations piled up
along a slip plane could coalesce into a micro-crack at
the leading dislocation, as demonstrated in Fig. 1(a). In
the Zener model, dislocations are stopped by obstacle
where a crack is thus initiated to release high energy
accumulated in the dislocation pileup. Subsequently
following the Zener model, Stroh1,2 proposed a similar
but more general model, and he elaborately analyzed
micro-crack initiation with dislocation pile-up. Roughly
speaking, both Zener and Stroh showed that the crack
initiation occurs when the shear stress τs created by
the pile-up of n dislocations with Burgers vector b at
a grain boundary reaches a critical value. Thus, nowa-
days this kind of cracks arising from dislocation pileup
mechanism is generally coined with Zener-Stroh crack
in literature. Besides these two models, other similar
initiation models were also proposed, such as Cottrell’s
model.3 It should be point out that, diﬀerent from the
Griﬃth crack model, there are two kinds of crack tips
in these crack models, the behaviors of which are com-
pletely diﬀerent as shown in Fig. 1: the crack tip where
the dislocation enters the crack is called blunt tip (the
right tips in Fig. 1. Their stress intensity factors (SIFs)
are always positive. The other ones are called sharp tips
(the left tips in Fig. 1 and their stress intensity factors
are always negative. The crack propagation is always
initiated from the sharp crack tip.
Although considerable eﬀorts have been made for
understanding the micro-crack initiation on the basis of
dislocation mechanics ,4–6 these models are good only
for some special scenarios, which could not fully reﬂect
the entire evolutionary processes of micro-crack initia-
tion. As we know, the crack initiation process is actually
a process in which dislocations are continuously coalesc-
ing and then the micro-crack is initiating and cleaving.
In order to fully understand the mechanism of the en-
tire evolutionary processes of micro-crack initiation, it
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requires investigation of the detailed evolution as far as
possible. Clearly, this is a complex and heavy work to
be done and it can not be fully solved in a short run.
Nevertheless we may start from a key and representative
clue which may link and run though all the evolution
scenarios.
The aim of this study is to propose a Zener-Stroh
crack interacting with a dislocation model and develop
its solution, from which modeling micro-crack initia-
tions by the Green’s function method may become much
easier for future study. The problem is formulated and
presented ﬁrst. Then it is solved by decomposing it into
two subproblems with the superposition principle. To
demonstrate both the validity of the obtained solution
and its application, two simple examples related to the
crack stress intensity factors are given based on the so-
lution. Finally, some discussions are presented on the
further application of the solution and conclusions are
drawn.
In the Kolosov-Muskhelishvili complex formulation
of plane elasticity, all components of stress and displace-
ments can be expressed in terms of two potential func-
tions, Φ (z) and Ω (z) as follows7
σ11 + σ22 = 2
[
Φ(z) + Φ (z)
]
, (1a)
σ22 − iσ12 = Φ(z) + Ω (z) + (z − z) Φ′ (z), (1b)
2μ (u1,1 + iu2,1) = κΦ(z)− Ω(z)− (z − z) Φ′ (z),
(1c)
where, i =
√−1, z = x1 + ix2 (sometimes, written
as z = x+ iy), Φ′ (z) = dΦ (z)/dz, μ is shear modulus,
Kolosov constant κ = 3−4ν for plane strain, the comma
followed by a subscript i indicates diﬀerentiation with
respect to xi, and the bar over a function denotes its
complex conjugate.
The model of a Zener-Stroh crack interacting with
an edge dislocation is shown in Fig. 2 (a), in which,
the net initial displacement jump between the upper
and lower crack surfaces is Δu1 + iΔu2 = δ1 + iδ2, the
tractions along the surfaces are free, and the edge dis-
location is located at s. The remote loading vanishes
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Fig. 1. Micro-crack initiation by dislocation pile-up /coalescence.
and the boundary conditions for the problem shown in
Fig. 2 (a) can be written as
σi2 = 0, i = 1, 2. (2a)∫ a
−a
[
(u1 (x) + iu2 (x))
+
,1−
(u1 (x) + iu2 (x))
−
,1
]
dx = δ1 + iδ2
(2b)
where x ∈ (−a, a), the superscript ‘+’ denotes the dis-
placements from the upper crack surface and the su-
perscript ‘–’ denotes the displacements from the lower
one.
The original problem shown in Fig. 2(a) can be
solved by decomposing it into two simpler subproblems
as shown in Fig. 2(b) and 2(c) with the superposition
principle. The subproblem 1 shown in Fig. 2(b) is a sin-
gle Zener-Stroh crack, whose boundary conditions com-
ply with Eq. (2). The subproblem 2 shown in Fig. 2(c)
is a Griﬃth crack interacting with an edge dislocation
in an inﬁnite plane solid and its boundary condition is
σi2 = 0, i = 1, 2. (3a)∫ a
−a
[
(u1 (x) + iu2 (x))
+
,1−
(u1 (x) + iu2 (x))
−
,1
]
dx = 0
(3b)
where x ∈ (−a, a).
The two subproblems will be solved as follows:
(a) Subproblem 1: A Zener-Stroh crack
A detailed review on this problem has been done by
Chen8 where the multiple Zener-Stroh cracks interac-
tion problem is investigated, and the singular integral
equation approach is employed to solve the problem.
Here, we will alternately use analytical continuation
technique due to its eﬀeteness and conciseness. This
approach will also be used to solve subproblem 2.
Consider the subproblem 1 in Fig. 2 (b). Using
Eq. (1b) and the traction condition in Eq. (2), one ﬁnds
Φ
(
x+
)
+Ω
(
x−
)
= (σ22 − iσ12)+ = 0, (4a)
Φ
(
x−
)
+Ω
(
x+
)
= (σ22 − iσ12)− = 0, (4b)
where x ∈ (−a, a) .
It follows from Eq. (4a) that
Φ
(
x+
)
+Ω
(
x−
)
= Φ
(
x−
)
+Ω
(
x+
)
. (5)
By the analytical continuation technique and Liouville’s
theorem, one writes
Φ (z) = Ω (z) , z ∈ C. (6)
The combination of Eq. (4a) and (4b) with considera-
tion of Eq. (6) results in
Φ
(
x+
)
+Φ
(
x−
)
= (σ22 − iσ12) = 0, x ∈ (−a, a) .
(7)
For the problem of concern, the solution to Eq. (7) is
Φ (z) = P0X (z) = P0 (z + a)
−1/2
(z − a)−1/2 . (8)
The complex constant number P0 (= P1 + iP2) can be
determined from Eq. (2b) as follows.
The displacement derivatives of upper and lower
surfaces with respect to x−axis can be found from
Eq. (1c) as
(u1,1 + iu2,1)
+
=
1
2μ
[
κΦ
(
x+
)− Ω (x−)] , (9a)
(u1,1 + iu2,1)
−
=
1
2μ
[
κΦ
(
x−
)− Ω (x+)] . (9b)
Substituting Eq. (9a) into Eq. (2b) and considering
Eq. (6), one speciﬁes the constant P0 in Eq. (8) as
P0 =
iμ
(κ+ 1)π
(δ1 + iδ2) . (10)
So, the solution of subproblem 1 is
Φz (z) = P0X (z) =
(δ1 + iδ2)μi
(κ+ 1)π
(z + a)
− 12 (z − a)− 12 ,
Ωz (z) = Φz (z) = − (δ1 − iδ2)μi
(κ+ 1)π
(z + a)
− 12 (z − a)− 12 .
(11)
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Fig. 2. A Zener-Stroh crack interacting with an edge dislocation The original problem (a) can be decomposed into two
subproblems (b) &(c) with the superposition principle
(b) Subproblem 2: A Griﬃth crack interacting with
a dislocation in an inﬁnite plane solid
Consider a ﬁnite crack interacting with an edge dis-
location located at s, as shown in Fig. 2(c). Using the
superposition principle and following the procedure de-
scribed previously,9,10 one can ﬁnd the exact complex
potentials for interaction of the Griﬃth crack with the
dislocation. Omitting lengthy details, we present the
general solution form as
ΦG (z)=− 1
2π
1√
(z + a) (z − a) ×∫ a
−a
[
Φ0 (t) + Ω0 (t)
]
(t+ a)
− 12 (a− t)− 12
1
t− zdt +
Φ0 (z) ,
ΩG (z)=− 1
2π
1√
(z + a) (z − a) ×∫ a
−a
[
Φ0 (t) + Ω0 (t)
]
(t+ a)
− 12 (a− t)− 12
1
t− zdt +
Ω0 (z) . (12)
Here Φ0 (z) and Ω0 (z) are the Kolosov-Muskhelishvili
complex potentials of an edge dislocation, located at s
in an inﬁnite plane10
Φ0 (z) = FB/(z − s),
Ω0 (z) = FB(s− s)/(z − s)2 − FB/(z − s),
B = beiψ, F = μ/πi (1 + κ), (13)
where ψ is the dislocation orientation angle with respect
to the x-coordinate axis as shown in Fig. 2(c), and the
anti-clockwise is supposed to be positive.
Now, directly adding Eqs. (11) and (12) together,
we obtain the complex potentials for the Zener-Stroh
crack interacting with the edge dislocation shown in
Fig. 2(a) as
Φ (z) =Φz (z) + ΦG (z)
=
1√
(z + a) (z − a) ×
{
(δ1 + iδ2)μi
(κ+ 1)π
−
1
2π
∫ a
−a
[
Φ0 (t) + Ω0 (t)
]
(t+ a)
− 12 (a− t)− 12
1
t− zdt
}
+
Φ0 (z) ,
Ω(z) =Ωz (z) + ΩG (z)
=
1√
(z + a) (z − a) ×
{
− (δ1 − iδ2)μi
(κ+ 1)π
−
1
2π
∫ a
−a
[
Φ0 (t) + Ω0 (t)
]
(t+ a)
− 12 (a− t)− 12
1
t− zdt
}
+
Ω0 (z) .
(14)
Hence, the stress state can be obtained by inserting
Eq. (14) into Eq. (1). Equation (14) is the main re-
sult obtained in this study.
To demonstrate both the validity of the solution and
its application, two simple examples related to the crack
stress intensity factors will be presented below on the
basis of solution (14).
According to the traditional stress intensity factor
deﬁnition, left SIFs and right SIFs of the Zener-Stroh
crack shown in Fig. 2 are deﬁned as
KL=KLI + iK
L
II
= lim
x→−a−
√
−2π (x+ a) (σ22 + iσ12) ,
KR=KRI + iK
R
II
= lim
x→a+
√
2π (x− a) (σ22 + iσ12) . (15)
Substituting Eqs. (13) into (14), and then (14) into the
second of Eq. (1b), we obtain the stress intensity factors
from Eq. (15) as
KL=KLI + iK
L
II
=
μb√
πa (1 + κ)
{
eiψ
(
S − S)√
1− S2 (S + 1)−
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ie−iψ
⎛⎝2 + i
√
1− S2
S + 1
+ i
√
1− S2
S + 1
⎞⎠⎫⎬⎭ +
2 (δ1 − iδ2)μi√
πa (κ+ 1)
,
KR=KRI + iK
R
II
=
μb√
πa (1 + κ)
{
eiψ
(
S − S)√
1− S2 (S − 1)+
ie−iψ
⎛⎝2 + i
√
1− S2
S − 1 + i
√
1− S2
S − 1
⎞⎠⎫⎬⎭−
2 (δ1 − iδ2)μi√
πa (κ+ 1)
, (16)
where S = s/a.
Example 1: Stress intensity factors of Zener-Stroh
crack
If the dislocation vanishes, namely b=0, from
Eq. (16) we may ﬁnd that
KL = KLI + iK
L
II = 2μ(δ1 − iδ2)i/(
√
πa(1 + κ)),
KR = KRI + iK
R
II = −2μ(δ1 − iδ2)i/(
√
πa(1 + κ)).
(17)
Solutions (17) are identical to the results by Chen,8
which may partially demonstrate that the previous ma-
nipulations are reliable.
Example 2: Intervention of an edge dislocation on
the Zener-Stroh crack energy release rate.
By setting ψ = −π/2, S = 1 + iY, δ1 = 0, δ2 = nb
in Fig. 2, we get a special case as shown in Fig. 3. Its
SIFs are
KL=KLI + iK
L
II
=
μb√
πa (1 + κ)
⎡⎣i
√
1− S2
S + 1
+ i
√
1− S2
S + 1
−
i
(
S − S)√
1− S2 (S + 1) + 2 (n+ 1)
]
,
KR=KRI + iK
R
II
=
μb√
πa (1 + κ)
⎡⎣− i
√
1− S2
S − 1 −
i
√
1− S2
S − 1 −
i
(
S − S)√
1− S2 (S − 1) − 2 (n+ 1)
]
. (18)
Since crack propagation of a Zener-Stroh crack is
always initiated from the sharp crack tip, and also Mode
I and Mode II SIFs generally exist simultaneously, it is
convenient and rational to take the crack driving force
G (i.e. crack energy release rate) to assess the crack
Fig. 3. A Zener-Stroh crack interacting with an edge dislo-
cation (the Zener model)
stability. The crack driving force G is related to SIFs
as
G =
(κ+ 1)
8μ
(
K2I +K
2
II
)
=
(κ+ 1)
8μ
KK. (19)
Substituting SIFs of the left crack tip of Eqs. (18) into
Eq. (19), we may get
G =
μb2
8πa (1 + κ)
HH. (20)
with H = H (Y, n) = i
√
1− S2
/
(S + 1) + i
√
1− S2/
(S + 1)− i (S − S)/[√1− S2 (S + 1)] + 2 (n+ 1).
From Eq. (20), it is easy to ﬁnd that the crack driv-
ing force G is a function of the initial displacement jump
(expressed in terms of n) and the distance from the edge
dislocation to the blunt tip. The contribution of the ini-
tial displacement jump is evident. If we ﬁx the crack
length and n in Eq. (20), we may reveal the disloca-
tion’s intervention eﬀect on the sharp crack tip. For
the case of n = 5, the normalized crack driving force G
against the normalized distance Y is plotted in Fig. 4.
It can be found from Fig. 4 that: (1) The crack driv-
ing force decreases as the dislocation approaches to the
blunt crack tip until Y ≈ 1.2; (2) When the disloca-
tion approaches further to the blunt crack tip so that
0 < Y < 1.2, the crack driving force begins to recover;
(3) On the other hand, when Y → ∞, the crack driv-
ing force approaches to a constant value which is solely
attributed to the initial displacement jump in the Zener-
Stroh crack. Generally speaking, the crack driving force
G becomes moderated by the presence of the dislocation
in Fig. 4.
These simple examples may partially reﬂect the va-
lidity and potential application of basic solution (14).
It should be pointed out that, within the framework of
linear elasticity, solution (14) may actually have more
general meanings:
(1) In Eq. (14), the Kolosov-Muskhelishvili complex
potentials Φ0 (z) and Ω0 (z) were taken as ones for an
edge dislocation in the above manipulation. Indeed, if
we replace the potential Φ0 (z) and Ω0 (z) respectively
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Fig. 4. Normalized crack driving force G against normalized
distance Y taking n = 5 in Eq. (20)
with a couple of pre-given potentials Φ˜0 (z) and Ω˜0 (z)
which represent an arbitrary singularity, for example, a
concentrated residual strain, we are able to get solution
for the problem of a Zener-Stroh crack interacting with
the corresponding singularity.
(2) Similarly, if we replace Φ0 (z) and Ω0 (z) re-
spectively with pre-given potentials Φ̂0 (z) and Ω̂0 (z),
which represent a cloud of dislocations distributed in
an inﬁnite solid, we then get solution for the problem
of a Zener-Stroh crack interacting with corresponding
multi-dislocations. This implies that all the scenarios
described in Fig. 1 can be analytically formulated and
solved.
In this study, we proposed a Zener-Stroh crack and
edge dislocation interaction model. Its analytical solu-
tion has been derived. This model and its solution may
play a fundamental role in modeling any complicated
Zener-Stroh crack interacting with multi-dislocations.
Therefore, it is expected that the evolution processes of
micro-crack initiation can be modeled in details.
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